
introduction to stochastic calculus

introduction to stochastic calculus is a fundamental area of mathematics that blends probability theory
with calculus, enabling the analysis of random processes. This field is essential in various applications,
including finance, engineering, and physics, as it provides the tools to model systems influenced by uncertainty
and noise. This article will delve into the key concepts of stochastic calculus, including its definitions,
applications, and core components such as stochastic integrals and differential equations. Additionally, we
will explore the significance of It�'s lemma and the role of Brownian motion in this mathematical landscape. By
the end of this article, readers will have a comprehensive understanding of stochastic calculus, its importance,
and its real-world applications.
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Understanding Stochastic Processes

Stochastic processes are collections of random variables indexed by time or space, representing systems that
evolve over time in a probabilistic manner. They are fundamental to understanding stochastic calculus as they
provide the framework within which the calculus operates. A common example of a stochastic process is
Brownian motion, which describes the random movement of particles suspended in a fluid.

There are several types of stochastic processes, including:

Discrete-time processes: These processes are defined at specific time intervals and can be represented as
sequences of random variables.

Continuous-time processes: These processes are defined for every moment in time and are often modeled
using continuous functions.

Markov processes: In these processes, the future state depends only on the present state and not on the
sequence of events that preceded it.

Understanding these types of processes is crucial for applying stochastic calculus effectively, as they form
the basis for modeling real-world phenomena that are inherently random.

Fundamental Concepts of Stochastic Calculus

Stochastic calculus extends traditional calculus by incorporating the randomness of stochastic processes.
This extension is essential for dealing with problems where uncertainty plays a significant role. Key concepts
include stochastic integrals and stochastic differentials, which differ significantly from their deterministic
counterparts.



Stochastic integrals allow for the integration of stochastic processes, and the most common type is the It�
integral. This integral is defined in a way that accounts for the properties of Brownian motion, making it
suitable for applications in finance and other fields. The It� integral is uniquely characterized by its quadratic
variation, which distinguishes it from traditional Riemann integrals.

Stochastic differentials are another critical component, often expressed in the form of stochastic differential
equations (SDEs). These equations describe the dynamics of stochastic processes and are pivotal in modeling
various applications.

It�'s Lemma and Its Applications

It�'s lemma is a fundamental result in stochastic calculus that provides a way to differentiate functions of
stochastic processes. It is analogous to the chain rule in traditional calculus but is adapted for stochastic
processes. The lemma states that if you have a function that depends on a stochastic process, the differential
of this function can be expressed in terms of the differentials of the processes involved.

The general form of It�'s lemma for a function \( f(t, X_t) \), where \( X_t \) is a stochastic process, is given
by:

\( df(t, X_t) = \frac{\partial f}{\partial t} dt + \frac{\partial f}{\partial x} dX_t + \frac{1}{2}
\frac{\partial^2 f}{\partial x^2} (dX_t)^2 \)

This equation highlights how It�'s lemma incorporates the stochastic nature of \( dX_t \), particularly
emphasizing the term \( (dX_t)^2 \), which contributes to the understanding of variance in the process. The
applications of It�'s lemma are vast, particularly in finance for option pricing and risk management.

Stochastic Differential Equations

Stochastic differential equations (SDEs) are equations that involve stochastic processes and describe the
evolution of systems affected by random influences. They are essential for modeling a wide range of phenomena in
finance, physics, and biology. The general form of an SDE can be expressed as:

\( dX_t = a(X_t, t) dt + b(X_t, t) dW_t \)

In this equation, \( a(X_t, t) \) represents the deterministic part of the equation, \( b(X_t, t) \) captures the
stochastic volatility, and \( dW_t \) denotes the increment of a Wiener process (or Brownian motion). SDEs
can be classified into several types:

Linear SDEs: These equations have linear coefficients and can often be solved analytically.

Non-linear SDEs: These involve non-linear functions of the stochastic process and are typically solved
using numerical methods.

Emphasis on boundary conditions: Solutions may also depend on initial or boundary conditions that
specify the behavior of the process at particular times.

Understanding and solving SDEs is crucial for applying stochastic calculus in real-world scenarios,
particularly in financial modeling and risk assessment.



Applications of Stochastic Calculus

The applications of stochastic calculus are diverse and impactful across various fields. In finance, it is
predominantly used in the modeling of stock prices, interest rates, and derivatives pricing. The Black-Scholes
model, which relies heavily on stochastic calculus, revolutionized option pricing by providing a method to
calculate the fair price of options based on underlying asset prices and volatility.

Other notable applications include:

Physics: Stochastic calculus is used in the study of particle systems, diffusion processes, and other
phenomena that involve randomness.

Engineering: In control systems and signal processing, stochastic calculus helps analyze systems subject
to noise and uncertainty.

Biology: Models of population dynamics often incorporate stochastic elements to reflect the inherent
variability in biological processes.

These applications illustrate the broad relevance of stochastic calculus in modern scientific and economic
contexts, highlighting its critical role in understanding complex systems influenced by randomness.

Conclusion

In summary, stochastic calculus is a vital mathematical framework that integrates probability theory and
calculus to analyze random processes. This field encompasses essential concepts such as stochastic integrals,
It�'s lemma, and stochastic differential equations, which are crucial for modeling systems affected by
uncertainty. Its applications span finance, engineering, physics, and biology, making it a powerful tool in both
theoretical and applied mathematics. Understanding stochastic calculus not only enhances mathematical
insight but also equips professionals with the skills needed to tackle real-world problems influenced by
randomness.

Q: What is stochastic calculus used for?

A: Stochastic calculus is primarily used to model and analyze systems that are influenced by random
processes. It is widely applied in finance for pricing derivatives, in engineering for control systems, and in various
scientific fields to understand phenomena affected by uncertainty.

Q: How does It�'s lemma work?

A: It�'s lemma provides a method for differentiating functions of stochastic processes. It accounts for the
stochastic nature of the processes involved and is essential for deriving the dynamics of systems modeled by
stochastic differential equations.

Q: What are stochastic differential equations (SDEs)?

A: Stochastic differential equations (SDEs) are equations that describe the evolution of stochastic
processes over time. They incorporate both deterministic and stochastic components to model systems subject
to random influences.



Q: Why is Brownian motion important in stochastic calculus?

A: Brownian motion serves as a fundamental model for random processes in stochastic calculus. It is used to
represent the continuous-time random walk and is integral to the formulation of stochastic integrals and
differential equations.

Q: What is the difference between stochastic calculus and traditional
calculus?

A: The primary difference lies in the incorporation of randomness. While traditional calculus deals with
deterministic functions and processes, stochastic calculus accounts for uncertainty and randomness, making it
suitable for modeling real-world scenarios influenced by chance.

Q: Can stochastic calculus be applied to other fields outside finance?

A: Yes, stochastic calculus has applications across various fields, including physics, engineering, biology, and
economics, where systems are influenced by random factors.

Q: What are the prerequisites for studying stochastic calculus?

A: A solid understanding of probability theory, real analysis, and traditional calculus is essential for
studying stochastic calculus. Familiarity with stochastic processes and differential equations is also
beneficial.

Q: How is stochastic calculus used in risk management?

A: Stochastic calculus is used in risk management to model financial instruments and assess the impact of
uncertainty on investment strategies, helping professionals to make informed decisions based on probabilistic
outcomes.

Q: What role do simulations play in stochastic calculus?

A: Simulations are often used in stochastic calculus to approximate solutions to complex stochastic
differential equations, particularly when analytical solutions are difficult or impossible to obtain. Monte
Carlo simulations are a common method employed in this context.

Q: Is stochastic calculus only relevant for advanced mathematics?

A: While stochastic calculus is a complex field that requires advanced mathematical knowledge, its principles
underpin many practical applications in various domains, making it relevant for professionals in finance,
engineering, and science, even at a foundational level.
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  introduction to stochastic calculus: Introduction To Stochastic Calculus With Applications
(2nd Edition) Fima C Klebaner, 2005-06-20 This book presents a concise treatment of stochastic
calculus and its applications. It gives a simple but rigorous treatment of the subject including a
range of advanced topics, it is useful for practitioners who use advanced theoretical results. It
covers advanced applications, such as models in mathematical finance, biology and
engineering.Self-contained and unified in presentation, the book contains many solved examples and
exercises. It may be used as a textbook by advanced undergraduates and graduate students in
stochastic calculus and financial mathematics. It is also suitable for practitioners who wish to gain
an understanding or working knowledge of the subject. For mathematicians, this book could be a
first text on stochastic calculus; it is good companion to more advanced texts by a way of examples
and exercises. For people from other fields, it provides a way to gain a working knowledge of
stochastic calculus. It shows all readers the applications of stochastic calculus methods and takes
readers to the technical level required in research and sophisticated modelling.This second edition
contains a new chapter on bonds, interest rates and their options. New materials include more
worked out examples in all chapters, best estimators, more results on change of time, change of
measure, random measures, new results on exotic options, FX options, stochastic and implied
volatility, models of the age-dependent branching process and the stochastic Lotka-Volterra model in
biology, non-linear filtering in engineering and five new figures.Instructors can obtain slides of the
text from the author./a
  introduction to stochastic calculus: Introduction to Stochastic Calculus with Applications
Fima C. Klebaner, 1998
  introduction to stochastic calculus: Informal Introduction To Stochastic Calculus With
Applications, An (Second Edition) Ovidiu Calin, 2021-11-15 Most branches of science involving
random fluctuations can be approached by Stochastic Calculus. These include, but are not limited to,
signal processing, noise filtering, stochastic control, optimal stopping, electrical circuits, financial
markets, molecular chemistry, population dynamics, etc. All these applications assume a strong
mathematical background, which in general takes a long time to develop. Stochastic Calculus is not
an easy to grasp theory, and in general, requires acquaintance with the probability, analysis and
measure theory.The goal of this book is to present Stochastic Calculus at an introductory level and
not at its maximum mathematical detail. The author's goal was to capture as much as possible the
spirit of elementary deterministic Calculus, at which students have been already exposed. This
assumes a presentation that mimics similar properties of deterministic Calculus, which facilitates
understanding of more complicated topics of Stochastic Calculus.The second edition contains several
new features that improved the first edition both qualitatively and quantitatively. First, two more
chapters have been added, Chapter 12 and Chapter 13, dealing with applications of stochastic
processes in Electrochemistry and global optimization methods.This edition contains also a final
chapter material containing fully solved review problems and provides solutions, or at least valuable
hints, to all proposed problems. The present edition contains a total of about 250 exercises.This
edition has also improved presentation from the first edition in several chapters, including new
material.
  introduction to stochastic calculus: Introduction to Stochastic Calculus Applied to Finance,
Second Edition Damien Lamberton, Bernard Lapeyre, 1996-06-01 In recent years the growing
importance of derivative products financial markets has increased financial institutions' demands for
mathematical skills. This book introduces the mathematical methods of financial modeling with clear
explanations of the most useful models. Introduction to Stochastic Calculus begins with an
elementary presentation of discrete models, including the Cox-Ross-Rubenstein model. This book
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will be valued by derivatives trading, marketing, and research divisions of investment banks and
other institutions, and also by graduate students and research academics in applied probability and
finance theory.
  introduction to stochastic calculus: A First Course in Stochastic Calculus Louis-Pierre
Arguin, 2021-11-22 A First Course in Stochastic Calculus is a complete guide for advanced
undergraduate students to take the next step in exploring probability theory and for master's
students in mathematical finance who would like to build an intuitive and theoretical understanding
of stochastic processes. This book is also an essential tool for finance professionals who wish to
sharpen their knowledge and intuition about stochastic calculus. Louis-Pierre Arguin offers an
exceptionally clear introduction to Brownian motion and to random processes governed by the
principles of stochastic calculus. The beauty and power of the subject are made accessible to readers
with a basic knowledge of probability, linear algebra, and multivariable calculus. This is achieved by
emphasizing numerical experiments using elementary Python coding to build intuition and adhering
to a rigorous geometric point of view on the space of random variables. This unique approach is used
to elucidate the properties of Gaussian processes, martingales, and diffusions. One of the book's
highlights is a detailed and self-contained account of stochastic calculus applications to option
pricing in finance. Louis-Pierre Arguin's masterly introduction to stochastic calculus seduces the
reader with its quietly conversational style; even rigorous proofs seem natural and easy. Full of
insights and intuition, reinforced with many examples, numerical projects, and exercises, this book
by a prize-winning mathematician and great teacher fully lives up to the author's reputation. I give it
my strongest possible recommendation. —Jim Gatheral, Baruch College I happen to be of a different
persuasion, about how stochastic processes should be taught to undergraduate and MA students.
But I have long been thinking to go against my own grain at some point and try to teach the subject
at this level—together with its applications to finance—in one semester. Louis-Pierre Arguin's
excellent and artfully designed text will give me the ideal vehicle to do so. —Ioannis Karatzas,
Columbia University, New York
  introduction to stochastic calculus: Stochastic Calculus Paolo Baldi, 2017-11-09 This book
provides a comprehensive introduction to the theory of stochastic calculus and some of its
applications. It is the only textbook on the subject to include more than two hundred exercises with
complete solutions. After explaining the basic elements of probability, the author introduces more
advanced topics such as Brownian motion, martingales and Markov processes. The core of the book
covers stochastic calculus, including stochastic differential equations, the relationship to partial
differential equations, numerical methods and simulation, as well as applications of stochastic
processes to finance. The final chapter provides detailed solutions to all exercises, in some cases
presenting various solution techniques together with a discussion of advantages and drawbacks of
the methods used. Stochastic Calculus will be particularly useful to advanced undergraduate and
graduate students wishing to acquire a solid understanding of the subject through the theory and
exercises. Including full mathematical statements and rigorous proofs, this book is completely
self-contained and suitable for lecture courses as well as self-study.
  introduction to stochastic calculus: Introduction to Stochastic Calculus Applied to
Finance, Second Edition Damien Lamberton, Bernard Lapeyre, 2007-11-30 Since the publication
of the first edition of this book, the area of mathematical finance has grown rapidly, with financial
analysts using more sophisticated mathematical concepts, such as stochastic integration, to describe
the behavior of markets and to derive computing methods. Maintaining the lucid style of its popular
predecessor, Introduction to Stochastic Calculus Applied to Finance, Second Edition incorporates
some of these new techniques and concepts to provide an accessible, up-to-date initiation to the
field. New to the Second Edition Complements on discrete models, including Rogers' approach to
the fundamental theorem of asset pricing and super-replication in incomplete markets Discussions
on local volatility, Dupire's formula, the change of numéraire techniques, forward measures, and the
forward Libor model A new chapter on credit risk modeling An extension of the chapter on
simulation with numerical experiments that illustrate variance reduction techniques and hedging



strategies Additional exercises and problems Providing all of the necessary stochastic calculus
theory, the authors cover many key finance topics, including martingales, arbitrage, option pricing,
American and European options, the Black-Scholes model, optimal hedging, and the computer
simulation of financial models. They succeed in producing a solid introduction to stochastic
approaches used in the financial world.
  introduction to stochastic calculus: Introduction to Stochastic Calculus Rajeeva L.
Karandikar, B. V. Rao, 2018-06-01 This book sheds new light on stochastic calculus, the branch of
mathematics that is most widely applied in financial engineering and mathematical finance. The first
book to introduce pathwise formulae for the stochastic integral, it provides a simple but rigorous
treatment of the subject, including a range of advanced topics. The book discusses in-depth topics
such as quadratic variation, Ito formula, and Emery topology. The authors briefly addresses
continuous semi-martingales to obtain growth estimates and study solution of a stochastic
differential equation (SDE) by using the technique of random time change. Later, by using
Metivier–Pellaumail inequality, the solutions to SDEs driven by general semi-martingales are
discussed. The connection of the theory with mathematical finance is briefly discussed and the book
has extensive treatment on the representation of martingales as stochastic integrals and a second
fundamental theorem of asset pricing. Intended for undergraduate- and beginning graduate-level
students in the engineering and mathematics disciplines, the book is also an excellent reference
resource for applied mathematicians and statisticians looking for a review of the topic.
  introduction to stochastic calculus: Introduction to Stochastic Integration Kai L. Chung, Ruth
J. Williams, 2012-12-06 This is a substantial expansion of the first edition. The last chapter on
stochastic differential equations is entirely new, as is the longish section §9.4 on the
Cameron-Martin-Girsanov formula. Illustrative examples in Chapter 10 include the warhorses
attached to the names of L. S. Ornstein, Uhlenbeck and Bessel, but also a novelty named after Black
and Scholes. The Feynman-Kac-Schrooinger development (§6.4) and the material on re flected
Brownian motions (§8.5) have been updated. Needless to say, there are scattered over the text minor
improvements and corrections to the first edition. A Russian translation of the latter, without
changes, appeared in 1987. Stochastic integration has grown in both theoretical and applicable
importance in the last decade, to the extent that this new tool is now sometimes employed without
heed to its rigorous requirements. This is no more surprising than the way mathematical analysis
was used historically. We hope this modest introduction to the theory and application of this new
field may serve as a text at the beginning graduate level, much as certain standard texts in analysis
do for the deterministic counterpart. No monograph is worthy of the name of a true textbook without
exercises. We have compiled a collection of these, culled from our experiences in teaching such a
course at Stanford University and the University of California at San Diego, respectively. We should
like to hear from readers who can supply VI PREFACE more and better exercises.
  introduction to stochastic calculus: Stochastic Calculus and Financial Applications J. Michael
Steele, 2001 Stochastic calculus has important applications to mathematical finance. This book will
appeal to practitioners and students who want an elementary introduction to these areas. From the
reviews: As the preface says, ‘This is a text with an attitude, and it is designed to reflect, wherever
possible and appropriate, a prejudice for the concrete over the abstract’. This is also reflected in the
style of writing which is unusually lively for a mathematics book. --ZENTRALBLATT MATH
  introduction to stochastic calculus: Brownian Motion René L. Schilling, Lothar Partzsch,
2012-05-29 Brownian motion is one of the most important stochastic processes in continuous time
and with continuous state space. Within the realm of stochastic processes, Brownian motion is at the
intersection of Gaussian processes, martingales, Markov processes, diffusions and random fractals,
and it has influenced the study of these topics. Its central position within mathematics is matched by
numerous applications in science, engineering and mathematical finance. Often textbooks on
probability theory cover, if at all, Brownian motion only briefly. On the other hand, there is a
considerable gap to more specialized texts on Brownian motion which is not so easy to overcome for
the novice. The authors’ aim was to write a book which can be used as an introduction to Brownian



motion and stochastic calculus, and as a first course in continuous-time and continuous-state Markov
processes. They also wanted to have a text which would be both a readily accessible mathematical
back-up for contemporary applications (such as mathematical finance) and a foundation to get easy
access to advanced monographs. This textbook, tailored to the needs of graduate and advanced
undergraduate students, covers Brownian motion, starting from its elementary properties, certain
distributional aspects, path properties, and leading to stochastic calculus based on Brownian motion.
It also includes numerical recipes for the simulation of Brownian motion.
  introduction to stochastic calculus: Introduction to Stochastic Calculus with Applications
Fima C. Klebane, 1998
  introduction to stochastic calculus: Introduction to Stochastic Calculus with
Applications Fima C. Klebaner, 2001
  introduction to stochastic calculus: Stochastic Calculus Richard Durrett, 1996-06-21 This
compact yet thorough text zeros in on the parts of the theory that are particularly relevant to
applications . It begins with a description of Brownian motion and the associated stochastic calculus,
including their relationship to partial differential equations. It solves stochastic differential
equations by a variety of methods and studies in detail the one-dimensional case. The book
concludes with a treatment of semigroups and generators, applying the theory of Harris chains to
diffusions, and presenting a quick course in weak convergence of Markov chains to diffusions. The
presentation is unparalleled in its clarity and simplicity. Whether your students are interested in
probability, analysis, differential geometry or applications in operations research, physics, finance,
or the many other areas to which the subject applies, you'll find that this text brings together the
material you need to effectively and efficiently impart the practical background they need.
  introduction to stochastic calculus: Introduction to Stochastic Calculus with
Applications (3rd Edition) Fima C. Klebaner, 2011
  introduction to stochastic calculus: An Introduction to Stochastic Differential
Equations Lawrence C. Evans, 2012-12-11 These notes provide a concise introduction to stochastic
differential equations and their application to the study of financial markets and as a basis for
modeling diverse physical phenomena. They are accessible to non-specialists and make a valuable
addition to the collection of texts on the topic. --Srinivasa Varadhan, New York University This is a
handy and very useful text for studying stochastic differential equations. There is enough
mathematical detail so that the reader can benefit from this introduction with only a basic
background in mathematical analysis and probability. --George Papanicolaou, Stanford University
This book covers the most important elementary facts regarding stochastic differential equations; it
also describes some of the applications to partial differential equations, optimal stopping, and
options pricing. The book's style is intuitive rather than formal, and emphasis is made on clarity.
This book will be very helpful to starting graduate students and strong undergraduates as well as to
others who want to gain knowledge of stochastic differential equations. I recommend this book
enthusiastically. --Alexander Lipton, Mathematical Finance Executive, Bank of America Merrill
Lynch This short book provides a quick, but very readable introduction to stochastic differential
equations, that is, to differential equations subject to additive ``white noise'' and related random
disturbances. The exposition is concise and strongly focused upon the interplay between
probabilistic intuition and mathematical rigor. Topics include a quick survey of measure theoretic
probability theory, followed by an introduction to Brownian motion and the Ito stochastic calculus,
and finally the theory of stochastic differential equations. The text also includes applications to
partial differential equations, optimal stopping problems and options pricing. This book can be used
as a text for senior undergraduates or beginning graduate students in mathematics, applied
mathematics, physics, financial mathematics, etc., who want to learn the basics of stochastic
differential equations. The reader is assumed to be fairly familiar with measure theoretic
mathematical analysis, but is not assumed to have any particular knowledge of probability theory
(which is rapidly developed in Chapter 2 of the book).
  introduction to stochastic calculus: Introduction to Stochastic Calculus for Finance



Dieter Sondermann, 2006-12-02 Although there are many textbooks on stochastic calculus applied to
finance, this volume earns its place with a pedagogical approach. The text presents a quick (but by
no means dirty) road to the tools required for advanced finance in continuous time, including option
pricing by martingale methods, term structure models in a HJM-framework and the Libor market
model. The reader should be familiar with elementary real analysis and basic probability theory.
  introduction to stochastic calculus: An Introduction to Stochastic Calculus Yuri Kifer, 1987
  introduction to stochastic calculus: Introduction to Stochastic Integration Kai Lai Chung,
Ruth J. Williams, 2013-11-10 A highly readable introduction to stochastic integration and stochastic
differential equations, this book combines developments of the basic theory with applications. It is
written in a style suitable for the text of a graduate course in stochastic calculus, following a course
in probability. Using the modern approach, the stochastic integral is defined for predictable
integrands and local martingales; then It’s change of variable formula is developed for continuous
martingales. Applications include a characterization of Brownian motion, Hermite polynomials of
martingales, the Feynman–Kac functional and the Schrödinger equation. For Brownian motion, the
topics of local time, reflected Brownian motion, and time change are discussed. New to the second
edition are a discussion of the Cameron–Martin–Girsanov transformation and a final chapter which
provides an introduction to stochastic differential equations, as well as many exercises for classroom
use. This book will be a valuable resource to all mathematicians, statisticians, economists, and
engineers employing the modern tools of stochastic analysis. The text also proves that stochastic
integration has made an important impact on mathematical progress over the last decades and that
stochastic calculus has become one of the most powerful tools in modern probability theory.
—Journal of the American Statistical Association An attractive text...written in [a] lean and precise
style...eminently readable. Especially pleasant are the care and attention devoted to details... A very
fine book. —Mathematical Reviews
  introduction to stochastic calculus: Introduction to Stochastic Analysis and Malliavin
Calculus Giuseppe Da Prato, 2014-07-01 This volume presents an introductory course on differential
stochastic equations and Malliavin calculus. The material of the book has grown out of a series of
courses delivered at the Scuola Normale Superiore di Pisa (and also at the Trento and Funchal
Universities) and has been refined over several years of teaching experience in the subject. The
lectures are addressed to a reader who is familiar with basic notions of measure theory and
functional analysis. The first part is devoted to the Gaussian measure in a separable Hilbert space,
the Malliavin derivative, the construction of the Brownian motion and Itô's formula. The second part
deals with differential stochastic equations and their connection with parabolic problems. The third
part provides an introduction to the Malliavin calculus. Several applications are given, notably the
Feynman-Kac, Girsanov and Clark-Ocone formulae, the Krylov-Bogoliubov and Von Neumann
theorems. In this third edition several small improvements are added and a new section devoted to
the differentiability of the Feynman-Kac semigroup is introduced. A considerable number of
corrections and improvements have been made.
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