what is the span in linear algebra

what is the span in linear algebra is a fundamental concept that describes the set of all
possible linear combinations of a given set of vectors in a vector space. Understanding the
span is crucial for various applications in linear algebra, including solving systems of
linear equations, understanding vector subspaces, and performing dimensional analysis.
This article will delve into the definition of span, its mathematical representation, and its
significance in linear algebra. We will also explore related concepts such as linear
independence, bases, and dimension, providing a comprehensive overview for students
and professionals alike.

Introduction to Span

Mathematical Definition of Span

Examples of Span

Relationship Between Span and Linear Independence

Span in Higher Dimensions

Applications of Span in Linear Algebra
e Conclusion

e FAQs

Introduction to Span

The span of a set of vectors is the collection of all linear combinations that can be formed
from those vectors. In a more formal setting, if you have a set of vectors, say {vi, vz, ...,
vk}, the span is defined as all vectors that can be expressed in the form civi + cavz + ... +
CkVk, Where ci, C2, ..., ck are scalars. The span can be visualized as a subspace of a vector
space that captures all possible outcomes of linear combinations of the vectors in
question. This concept is not only foundational in linear algebra but also plays a vital role
in various fields such as computer science, economics, and engineering.

Mathematical Definition of Span

In mathematical terms, if V is a vector space over a field F, and S = {v1, v2, ..., vk} is a
finite set of vectors in V, then the span of S, denoted as span(S), is defined as:
span(S) = {civi + c2v2 + ... + ckvk | C1, C2, ..., Ck € F}

This definition highlights that the span of a set of vectors is essentially a vector space



itself, composed of all possible linear combinations of those vectors. It is important to note
that the span can vary depending on the nature of the vectors involved and the vector
space they belong to.

Visualizing Span

To better understand the concept of span, visualizing it in two or three dimensions can be
incredibly helpful. In two-dimensional space, the span of two linearly independent vectors
forms the entire plane. Conversely, if the vectors are linearly dependent, their span will
only cover a line through the origin. In three-dimensional space, the span of three linearly
independent vectors will fill the entire volume, whereas a set of two vectors will span a
plane, and a single vector will span a line.

Examples of Span

To further clarify the concept of span, let us consider some practical examples. We will
look at both two-dimensional and three-dimensional cases.

Example 1: Two-Dimensional Space

Let S = {(1, 0), (0, 1)} be a set of vectors in R?. The span of S can be expressed as:
span(S) = {ci(1, 0) + c2(0, 1) | c1, c2 € R} = {(c1, c2) | c1, c2 € R}

This shows that the span of S covers all points in the two-dimensional plane, indicating
that the vectors are linearly independent and span R2.

Example 2: Three-Dimensional Space

Consider the vectors A = (1, 0, 0), B= (0, 1, 0), and C = (0, 0, 1) in R3. The span of these
vectors is:

span(A, B, C) = {ci(1, 0, 0) + c2(0, 1, 0) + c3(0, 0, 1) | c1, c2, cs € R} = R3

In this case, the span encompasses the entire three-dimensional space, as the vectors are
linearly independent.

Relationship Between Span and Linear
Independence

The concepts of span and linear independence are closely related in linear algebra. Linear
independence refers to a set of vectors that do not express any vector in terms of others
within the set. If vectors are linearly independent, their span will be maximized, filling the
space they occupy.



Understanding Linear Independence

A set of vectors {vi, vz, ..., vk} is said to be linearly independent if the only solution to the
equation civi + c2vz + ... + cxvk = 0 is c1 = c2 = ... = cx = 0. Conversely, if there exists a
non-trivial solution (not all c's are zero), the vectors are considered linearly dependent,
and their span will be limited to a lower-dimensional space.

Span in Higher Dimensions

In higher-dimensional vector spaces, the concept of span becomes increasingly complex
but remains fundamentally the same. For instance, in n-dimensional space, a set of n
linearly independent vectors will span the entire space, while any set of fewer than n
vectors will span a subspace of lower dimension.

Higher Dimensional Examples

1. In R4, the span of four linearly independent vectors will occupy the whole space.
2. In R, the span of five linearly independent vectors will also span R5.

3. If you have three vectors in R* that are linearly independent, they will span a three-
dimensional subspace within R*.

This illustrates how the span relates to the number of vectors and their independence,
providing a structured understanding of vector spaces in higher dimensions.

Applications of Span in Linear Algebra

The concept of span has numerous applications in various fields and is particularly
significant in solving linear systems, data analysis, and computer graphics.

Applications in Solving Linear Systems

When solving systems of linear equations, understanding the span of the coefficient
vectors can help determine whether a solution exists and if it is unique. If the vector
representing the constants lies within the span of the coefficient vectors, there exists a
solution to the system.

Applications in Data Analysis

In data analysis, particularly in principal component analysis (PCA), the concept of span is
used to reduce the dimensionality of data while retaining as much variance as possible.



The principal components represent the directions of maximum variance and effectively
span a new space that is a linear combination of the original features.

Applications in Computer Graphics

In computer graphics, span is utilized in transformations and rendering processes. The
vectors that define the corners of a polygon can be combined to create the polygon's
shape, demonstrating how span is integral in visual representations.

Conclusion

Understanding what is the span in linear algebra is essential for grasping more complex
concepts within the field. The span of a set of vectors provides a comprehensive
framework for exploring vector spaces, linear independence, and dimensionality. Whether
in theoretical studies or practical applications, the span serves as a crucial element in the
analysis and manipulation of linear systems. By mastering the concept of span, individuals
can enhance their understanding of linear algebra and its applications across various
disciplines.

FAQs

Q: What is the difference between span and basis in
linear algebra?

A: The span of a set of vectors includes all possible linear combinations of those vectors,
creating a vector space. A basis, on the other hand, is a minimal set of vectors that are
linearly independent and span the same space. Every basis is a span, but not every span is
a basis.

Q: Can the span of a single vector be the entire vector
space?

A: The span of a single vector can only equal the entire vector space if that vector is non-
zero and spans the space by itself. For example, in R?, a single non-zero vector spans a
line, not the entire plane.

Q: How do you determine if a set of vectors is linearly
independent?

A: To determine linear independence, set up the equation civi + c2v2 + ... + cxvk = 0 and
check for only the trivial solution where all coefficients ¢ are zero. If any non-trivial
solution exists, the vectors are dependent.



Q: What role does span play in the dimension of a vector
space?

A: The dimension of a vector space is defined as the number of vectors in a basis for that
space. The span of vectors helps identify the dimension by revealing how many linearly
independent vectors are needed to fill that space.

Q: Can the span of two vectors in R3 be a line?

A: Yes, if the two vectors are linearly dependent (e.g., one is a scalar multiple of the
other), their span will only form a line in R3, rather than filling the entire plane.

Q: How does the span relate to transformations in linear
algebra?

A: Transformations can be viewed as linear maps that take vectors from one space to
another. The span of vectors helps determine how these transformations affect the
dimensions of the output space.

Q: What is the geometric interpretation of span?

A: Geometrically, the span of vectors can be visualized as the area, line, or volume they
enclose in space. For example, two vectors in R? span a plane, while three vectors in R3
can span a volume.

Q: Can the span of an empty set of vectors be defined?

A: Yes, the span of the empty set is defined as the zero vector space, which contains only
the zero vector. This is consistent with the idea that no vectors can produce any linear
combination.

Q: How can span be applied in machine learning?

A: In machine learning, the span concept helps in feature selection and dimensionality
reduction techniques, ensuring that the selected features can represent the underlying
data effectively without redundancy.

Q: Are there software tools to visualize span in linear
algebra?

A: Yes, several software tools and libraries, such as MATLAB, Python's NumPy and
Matplotlib, and GeoGebra, allow users to visualize spans and vector operations in various
dimensions, enhancing understanding of linear algebra concepts.
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