star algebra

star algebra is a fascinating area of mathematics that extends traditional algebraic
concepts into the realm of star products and noncommutative geometry. This field is not
only integral to theoretical physics but also plays a crucial role in advanced mathematics,
particularly in the study of quantum mechanics and deformation theory. In this article, we
will explore the foundational aspects of star algebra, its applications in various fields, and
its relationship with other mathematical structures. We will also delve into examples of
star algebras, the importance of the commutative nature of algebra, and the implications
of noncommutative spaces. By the end, readers will gain a comprehensive understanding
of star algebra and its significance in modern mathematics and physics.
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Introduction to Star Algebra

Star algebra is defined as an algebra equipped with an involution, which is a unary
operation that is an anti-automorphism. Typically denoted by the symbol , this operation
allows for the manipulation of elements in a way that generalizes complex conjugation and
is essential in various mathematical contexts. The primary characteristic of a star algebra
is its ability to incorporate both algebraic structures and topological properties, making it
a bridge between pure algebra and functional analysis.

The study of star algebras has its roots in the work of mathematicians and physicists who
sought to develop a framework that could adequately describe quantum systems. In
particular, the notion of noncommutativity arises naturally in this context, leading to
significant implications in quantum mechanics where the position and momentum of
particles cannot be simultaneously defined with absolute precision.

Understanding the Basics of Star Algebra



Definition and Properties

A star algebra is typically defined over a field, commonly the complex numbers, and
possesses several key properties:

e Involution: For every element a in the star algebra A, there exists an element a such
that (a) = a and (ab) = ba for all a, b in A.

e Associativity: The operation of multiplication within a star algebra is associative,
meaning that (ab)c = a(bc) for all a, b, c in A.

e Distributive Law: The algebra satisfies the distributive property, allowing for the
expansion of sums and products.

These properties ensure that star algebras maintain a structured framework for both
theoretical exploration and practical application. The involution operation introduces a
layer of complexity that can lead to various forms of algebras, including commutative and
noncommutative algebras.

Types of Star Algebras

Star algebras can be broadly classified into two categories:

e Commutative Star Algebras: In these algebras, the multiplication of elements is
commutative, i.e., ab = ba. These are often used in classical physics and functional
analysis.

e Noncommutative Star Algebras: Here, the multiplication is not necessarily
commutative. This type is crucial in quantum mechanics, where observables do not
commute.

Understanding these types is essential for exploring the broader implications of star
algebra in various scientific disciplines.

Applications of Star Algebra

Star algebra finds numerous applications across different domains, particularly in physics
and mathematics. Its unique structure allows for the modeling of various phenomena that
are difficult to capture with traditional algebraic methods.



Quantum Mechanics

One of the most significant applications of star algebra is in quantum mechanics. In this
field, the position and momentum of particles are described using noncommutative
algebras. The Heisenberg uncertainty principle, which states that certain pairs of physical
properties cannot be simultaneously known to arbitrary precision, is a direct result of this
noncommutativity. Star algebras provide a rigorous framework to address these principles
mathematically.

Mathematical Physics

Beyond quantum mechanics, star algebras are used in mathematical physics to study
systems with symmetries and conservation laws. They help in formulating models in
statistical mechanics and quantum field theory, allowing physicists to express complex
interactions through algebraic structures.

Examples of Star Algebras

Several well-known examples illustrate the concept of star algebra and its applications:

C-Algebras

C-algebras are a specific type of star algebra that arise in functional analysis and quantum
physics. They are defined as norm-closed algebras of operators on a Hilbert space,
equipped with an involution that satisfies the C-identity. These algebras are fundamental
in the study of quantum mechanics, particularly in the context of observables.

W-Algebras

W-algebras, or von Neumann algebras, extend the concept of C-algebras by incorporating
weak operator topology. They are crucial for the mathematical formulation of quantum
mechanics, providing a rigorous way to handle infinite-dimensional spaces and
observables.

Relationship with Noncommutative Geometry

Star algebra is closely related to noncommutative geometry, a field that generalizes the
concepts of geometry by allowing for noncommutative spaces. In noncommutative



geometry, the points of a space are replaced with noncommutative coordinates, leading to
a new way of understanding spatial relationships.

Key Concepts in Noncommutative Geometry

Some key concepts in noncommutative geometry include:

e Noncommutative Spaces: These are spaces represented by noncommutative
algebras, allowing for a different interpretation of geometric structures.

¢ Generalized Functions: In noncommutative geometry, functions are generalized to
operate within noncommutative algebras, leading to new functional forms.

¢ Quantum Groups: These structures arise naturally in the study of symmetries in
noncommutative spaces and have applications in both mathematics and physics.

Star algebras serve as a foundational building block for the development of these
concepts, demonstrating their importance in advancing mathematical theories.

Conclusion

Star algebra represents a significant advancement in the field of mathematics, bridging
the gap between algebra and geometry while providing essential tools for the
understanding of quantum mechanics and noncommutative spaces. Its applications extend
beyond theoretical exploration into practical realms, influencing various scientific
disciplines. As the study of star algebra continues to evolve, its implications for
mathematics and physics will likely lead to further discoveries and insights.
Understanding star algebra not only enriches mathematical knowledge but also opens up
new avenues for research and application in modern science.

Q: What is star algebra?

A: Star algebra is an algebraic structure that includes an involution operation, allowing for
the manipulation of elements in a way that generalizes complex conjugation. It is
fundamental in various mathematical contexts, especially in quantum mechanics.

Q: How does star algebra relate to quantum mechanics?

A: In quantum mechanics, star algebras are used to describe observables and states
through noncommutative algebras, reflecting the inherent uncertainty in measuring



certain pairs of physical properties simultaneously.

Q: What are the main properties of star algebras?

A: The main properties of star algebras include the existence of an involution, associativity
of multiplication, and the distributive law of algebraic operations.

Q: Can you give an example of a star algebra?

A: C-algebras are a prominent example of star algebras, particularly important in
functional analysis and quantum physics due to their structured approach to operators on
Hilbert spaces.

Q: What is the significance of noncommutative
geometry in relation to star algebra?

A: Noncommutative geometry extends the concepts of traditional geometry by utilizing
noncommutative algebras, with star algebra serving as a foundational element that
enhances our understanding of spatial relationships and symmetries in mathematical
physics.

Q: How do star algebras facilitate the study of
mathematical physics?

A: Star algebras provide a rigorous framework for modeling complex interactions and
systems in mathematical physics, allowing for the expression of conservation laws and
symmetries through algebraic structures.

Q: Are there different types of star algebras?

A: Yes, star algebras can be classified into commutative and noncommutative types, each
with distinct properties and applications in various branches of mathematics and physics.

Q: What role do W-algebras play in mathematics?

A: W-algebras, or von Neumann algebras, are integral to the mathematical formulation of
quantum mechanics, particularly in handling infinite-dimensional spaces and the rigorous
treatment of observables.



Q: How does the involution operation in star algebra
work?

A: The involution operation in star algebra is a unary operation that takes an element a to
its adjoint a. It satisfies specific properties, such as (a) = a and (ab) = ba, which are
crucial for the structural integrity of the algebra.

Q: What are the implications of noncommutativity in
star algebras?

A: Noncommutativity in star algebras leads to significant implications in quantum
mechanics, where it reflects the limitations of simultaneously determining certain pairs of
physical properties, thus impacting the foundational principles of quantum theory.
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star algebra: Complete Normed Algebras Frank F. Bonsall, John Duncan, 2012-12-06 The
axioms of a complex Banach algebra were very happily chosen. They are simple enough to allow
wide ranging fields of application, notably in harmonic analysis, operator theory and function
algebras. At the same time they are tight enough to allow the development of a rich collection of
results, mainly through the interplay of the elementary parts of the theories of analytic functions,
rings, and Banach spaces. Many of the theorems are things of great beauty, simple in statement,
surprising in content, and elegant in proof. We believe that some of them deserve to be known by
every mathematician. The aim of this book is to give an account of the principal methods and results
in the theory of Banach algebras, both commutative and non commutative. It has been necessary to
apply certain exclusion principles in order to keep our task within bounds. Certain classes of
concrete Banach algebras have a very rich literature, namely C*-algebras, function algebras, and
group algebras. We have regarded these highly developed theories as falling outside our scope. We
have not entirely avoided them, but have been concerned with their place in the general theory, and
have stopped short of developing their special properties. For reasons of space and time we have
omitted certain other topics which would quite naturally have been included, in particular the
theories of multipliers and of extensions of Banach algebras, and the implications for Banach
algebras of some of the standard algebraic conditions on rings.
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operations); and C(T,F) endowed with compact-open topology as a topological algebra C(T,F,c). It
characterizes the maximal ideals and homomorphisms closed maximal ideals and continuous
homomorphisms of topological algebras in general and C(T,F,c) in particular. A considerable inroad
is made into the properties of C(T,F,c) as a topological vector space. Many of the results about
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C(T,F,c) serve to illustrate and motivate results about general topological algebras. Attention is
restricted to the algebra C(T,R) of real-valued continuous functions and to the pursuit of the maximal
ideals and real-valued homomorphisms of such algebras. The chapter presents the correlation of
algebraic properties of C(T,F) with purely topological properties of T. The Stone-Cech
compactification and the Wallman compactification play an important role in characterizing the
maximal ideals of certain topological algebras.

star algebra: Operator Algebras, Operator Theory and Applications Maria Amélia Bastos, Israel
Gohberg, Amarino Brites Lebre, Frank-Olme Speck, 2008-05-27 This book is composed of three
survey lecture courses and some twenty invited research papers presented to WOAT 2006 - the
International Summer School and Workshop on Operator Algebras, Operator Theory and
Applications, held at Lisbon in September 2006. The volume reflects recent developments in the
area of operator algebras and their interaction with research fields in complex analysis and operator
theory. The book is aimed at postgraduates and researchers in these fields.

star algebra: Operator Algebras and Applications A. Katavolos, 2012-12-06 During the last few
years, the theory of operator algebras, particularly non-self-adjoint operator algebras, has evolved
dramatically, experiencing both international growth and interfacing with other important areas.
The present volume presents a survey of some of the latest developments in the field in a form that
is detailed enough to be accessible to advanced graduate students as well as researchers in the field.
Among the topics treated are: operator spaces, Hilbert modules, limit algebras, reflexive algebras
and subspaces, relations to basis theory, C* algebraic quantum groups, endomorphisms of operator
algebras, conditional expectations and projection maps, and applications, particularly to wavelet
theory. The volume also features an historical paper offering a new approach to the Pythagoreans'
discovery of irrational numbers.
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in algebraic geometry. By studying classical constructions from geometry from the point of view of
modern commutative algebra, this carefully-written book is a valuable source of information,
offering a careful algebraic systematization and treatment of the problems at hand, and contributing
to the study of the original geometric questions. In greater detail, the material covers aspects of
rational maps (graph, degree, birationality, specialization, combinatorics), Cremona transformations,
polar maps, Gauss maps, the geometry of Fitting ideals, tangent varieties, joins and secants, Aluffi
algebras. The book includes sections of exercises to help put in practice the theoretic material
instead of the mere complementary additions to the theory.
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Lemaire, L. Vanhecke, 2012-12-06 This volume contains the text of the lectures which were given at
the Differential Geometry Meeting held at Liege in 1980 and at the Differential Geometry Meeting
held at Leuven in 1981. The first of these meetings was more orientated toward mathematical
physics; the second has a stronger flavour of analysis. The Editors are pleased to thank the lectures
who contributed scientifically to these two meetings. They are also grateful to Professor M. Flato
who has encouraged publication of these contributions in the Mathematical Physics Studies Series.
We also thank the F.N.R.S. who supported financially the Contact group in differential geometry.
The Universite de Liege and the Katholieke Universiteit Leuven which have given us a warm
hospitality have contributed to the success of these meetings. We express our gratitude. The Editors.
M. Caken et al. (6ds.), Differential Geametry and Mathematical Physics, vii. vii Copyright e 1983 by
D. Reidel Publishing Company. Lectures given at the Meeting of the Belgian Contact Group on
Differential Geometry held at Liege, May 2-3,1980 SIMULTANEOUS DEFORMATIONS OF A LIE
ALGEBRA AND ITS MODULES D. Arnal University of Dijon INTRODUCTION We expose here some
results which are obtained by a team at the University of Dijon. This team included Jean-Claude
Cortet, Georges Pinczon and myself.

star algebra: Representations of Algebras Fla'vio Ulhoa Coelho, 2019-05-20 This volume
contains the proceedings of the Conference on Representations of Algebras - Sao Paulo (CRASP),



held at the Instituto de Matematica e Estatistica of the Universidade de Sao Paulo, Brazil. It
discusses Hopf, tubular, quasischurian, wild hereditary, concealed-canonical Artin, Brauer star, and
Koszul algebras.

star algebra: Radical Banach Algebras and Automatic Continuity J.M. Bachar, W.G. Bade,
P.C. Jr. Curtis, H.G. Dales, M.P. Thomas, 2006-11-15

star algebra: A Taste of Jordan Algebras Kevin McCrimmon, 2006-05-29 This book describes
the history of Jordan algebras and describes in full mathematical detail the recent structure theory
for Jordan algebras of arbitrary dimension due to Efim Zel'manov. Jordan algebras crop up in many
surprising settings, and find application to a variety of mathematical areas. No knowledge is
required beyond standard first-year graduate algebra courses.

star algebra: Spectral Theory of Random Matrices Vyacheslav L. Girko, 2016-08-23 Spectral
Theory of Random Matrices

star algebra: Differential Tensor Algebras and Their Module Categories R. Bautista, L.
Salmeron, R. Zuazua, 2009-09-17 A detailed account of main results in the theory of differential
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star algebra: Deformation Theory of Algebras and Structures and Applications Michiel
Hazewinkel, Murray Gerstenhaber, 2012-12-06 This volume is a result of a meeting which took place
in June 1986 at 'll Ciocco in Italy entitled 'Deformation theory of algebras and structures and
applications'. It appears somewhat later than is perhaps desirable for a volume resulting from a
summer school. In return it contains a good many results which were not yet available at the time of
the meeting. In particular it is now abundantly clear that the Deformation theory of algebras is
indeed central to the whole philosophy of deformations/perturbations/stability. This is one of the
main results of the 254 page paper below (practically a book in itself) by Gerstenhaber and Shack
entitled Algebraic cohomology and defor mation theory. Two of the main philosphical-methodological
pillars on which deformation theory rests are the fol lowing ¢ (Pure) To study a highly complicated
object, it is fruitful to study the ways in which it can arise as a limit of a family of simpler objects: the
unraveling of complicated structures . * (Applied) If a mathematical model is to be applied to the
real world there will usually be such things as coefficients which are imperfectly known. Thus it is
important to know how the behaviour of a model changes as it is perturbed (deformed).

star algebra: Modular Representation Theory and Commutative Banach Algebras David
J. Benson, 2024-07-25 View the abstract.

star algebra: Relational and Algebraic Methods in Computer Science Harrie de Swart,
2011-05-20 This book constitutes the proceedings of the 12 International Conference on Relational
and Algebraic Methods in Computer Science, RAMICS 2011, held in Rotterdam, The Netherlands, in
May/June 2011. This conference merges the ReIMICS (Relational Methods in Computer Science) and
AKA (Applications of Kleene Algebra) conferences, which have been a main forum for researchers
who use the calculus of relations and similar algebraic formalisms as methodological and conceptual
tools. Relational and algebraic methods and software tools turn out to be useful for solving problems
in social choice and game theory. For that reason this conference included a special track on
Computational Social Choice and Social Software. The 18 papers included were carefully reviewed
and selected from 27 submissions. In addition the volume contains 2 invited tutorials and 5 invited
talks.

star algebra: Canadian Journal of Mathematics , 1995

star algebra: The Quickest Kid Fixer-Uppers Ruth Herman Wells, 2002

star algebra: Relational and Algebraic Methods in Computer Science Wolfram Kahl,
Timothy G. Griffin, 2012-09-12 This book constitutes the thoroughly refereed post-conference
proceedings of the 13th International Conference on Relational and Algebraic Methods in Computer
Science, RAMICS 13, held in Cambridge, UK, in September 2012. The 23 revised full papers
presented were carefully selected from 39 submissions in the general area of relational and
algebraic methods in computer science, adding special focus on formal methods for software
engineering, logics of programs and links with neighboring disciplines. The papers are structured in




specific fields on applications to software specification and correctness, mechanized reasoning in
relational algebras, algebraic program derivation, theoretical foundations, relations and algorithms,
and properties of specialized relations.

star algebra: On unit groups of modular group algebras Sven Bodo Wirsing, 2019-12-16 In
this book we analyse unit groups of group algebras KG for non-abelian p-groups G and fields K of
characteristic p. By calculating the core and the normaliser of U in 1 + rad(KG) - the group of
normalized units -- for every subgroup U of G, we generalise results of K.R. Pearson and D.B.
Coleman using fixed points of enhanced group actions. Our concept of so-called end-commutable
ordering leads to a new method of studying the center of 1 + rad(KG). We proof that a finite group G
is nilpotent if and only if every conjugacy class possesses an end-commutable ordering. As a simple
consequence we get a result of A.A. Bovdi and Z. Patay, which shows how the exponent of the center
of 1 + rad(KG) can be determined by calculations purely within the group G. We describe the groups
for which this exponent is extremal and calculate the exponent for various group classes (e.g.
regular groups, special groups, Sylow subgroups of linear and symmetric groups) and group
constructions (e.g. wreath products, central products, special group extensions, isoclinic groups).
Another application of our concept of end-commutable ordering is a description of the invariants of
the center of 1 + rad(KG) for a finite field K. They are determined purely by the group G and the
field K and can be visualized by a special graph - the class-graph. As a consequence of our results
we prove that the center, the derived subgroups and the p-th-power subgroup of 1 + rad(KG) are not
cyclic. Furthermore, we obtain some properties of unit groups of group algebras for extra-special
2-groups and fields of characteristic 2. Finally, we investigate the behaviour of the center and other
characteristics (e.g. the exponent, the class of nilpotency, the Baer length, the degree of
commutativity) for the chain of iterated unit groups of modular group algebras. For this, we use Lie
and radical algebra methods.

star algebra: Mathematical Structures and Applications Toka Diagana, Bourama Toni,
2018-10-31 This contributed volume features invited papers on current research and applications in
mathematical structures. Featuring various disciplines in the mathematical sciences and physics,
articles in this volume discuss fundamental scientific and mathematical concepts as well as their
applications to topical problems. Special emphasis is placed on important methods, research
directions and applications of analysis within and beyond each field. Covered topics include Metric
operators and generalized hermiticity, Semi-frames, Hilbert-Schmidt operator, Symplectic affine
action, Fractional Brownian motion, Walker Osserman metric, Nonlinear Maxwell equations, The
Yukawa model, Heisenberg observables, Nonholonomic systems, neural networks, Seiberg-Witten
invariants, photon-added coherent state, electrostatic double layers, and star products and
functions. All contributions are from the participants of the conference held October 2016 in
Cotonou, Benin in honor of Professor Mahouton Norbert Hounkonnou for his outstanding
contributions to the mathematical and physical sciences and education. Accessible to graduate
students and postdoctoral researchers, this volume is a useful resource to applied scientists, applied
and pure mathematicians, and mathematical and theoretical physicists.

star algebra: Nonperturbative Methods In Low Dimensional Quantum Field Theories -
Proceedings Of The 14th Johns Hopkins Workshop On Current Problems In Particle Theory
Gabor Domokos, Zalan Horvath, Susan Kovesi-domokos, 1991-03-15 This workshop was devoted to a
discussion of recent progress made in the understanding of quantum field theories in spacetimes of
less than four dimensions. In fact, the subject reached a certain degree of maturity and since most of
the contributors played a major role in that progress, this volume constitutes a definitive treatise on
this subject. Some of the subjects dealt with include: Quantum Groups and their Representations;
W-Algebras and their Role in Physical Systems; Conformally Invariant Quantum Field Theories;
Integrable Systems; Topological Field Theories.
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