
homological algebra

homological algebra is a branch of mathematics that explores the relationships between algebraic structures
through the lens of homology. It serves as a powerful tool for understanding various mathematical concepts,
particularly in algebra, topology, and geometry. By utilizing chain complexes and derived functors,
homological algebra provides insights into the behavior of modules, sheaves, and other algebraic entities. This
article will delve into the foundations of homological algebra, its key concepts, applications, and the
significance of derived categories. Additionally, we will explore important tools and techniques used in this
field, including Ext and Tor functors, projective and injective modules, and spectral sequences.
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Introduction to Homological Algebra

Homological algebra emerged in the early 20th century as mathematicians sought to generalize the notions of
algebraic topology into more abstract settings. It focuses on the study of homology and cohomology
theories, providing tools to analyze algebraic structures through exact sequences and derived functors. This
area of mathematics is pivotal in modern theoretical developments, bridging gaps between various disciplines
such as algebraic geometry, representation theory, and number theory.

The fundamental objects of study in homological algebra are chain complexes, which are sequences of abelian
groups or modules connected by homomorphisms. Understanding the properties of these complexes allows
mathematicians to derive meaningful information about the structures they represent. The core principles of
homological algebra often involve the use of exact sequences, which reveal important features of modules,
such as their projective or injective nature.

Key Concepts in Homological Algebra

To grasp the essence of homological algebra, it is crucial to understand several key concepts that underpin
this field. These include chain complexes, exact sequences, and various types of modules.

Chain Complexes

A chain complex is a sequence of abelian groups (or modules) connected by boundary homomorphisms, where the
composition of two consecutive homomorphisms is zero. Formally, a chain complex \( C_ \) can be expressed as:



\( \cdots \rightarrow C_n \xrightarrow{\partial_n} C_{n-1} \rightarrow \cdots \)

In this setup, each \( C_n \) is a group or module, and the maps \( \partial_n \) are called boundary operators.
The fundamental idea is that the image of one boundary operator is contained in the kernel of the next.

Exact Sequences

Exact sequences are sequences of abelian groups where the image of one morphism matches the kernel of the next.
They are pivotal in homological algebra, allowing one to study the relationships between different algebraic
structures. An exact sequence can be written as:

\( 0 \rightarrow A \rightarrow B \rightarrow C \rightarrow 0 \)

Here, the sequence is exact if the image of the morphism \( A \rightarrow B \) equals the kernel of the morphism
\( B \rightarrow C \).

Types of Modules

In homological algebra, modules are classified into various types based on their properties concerning exact
sequences:

Projective Modules: These satisfy the lifting property with respect to surjective morphisms, making them
essential for constructing free resolutions.

Injective Modules: These have the property of lifting morphisms from submodules, useful in defining derived
functors.

Flat Modules: A module is flat if the tensor product with it preserves the exactness of sequences.

Applications of Homological Algebra

Homological algebra plays a vital role in various areas of mathematics, providing tools that are applicable
in numerous contexts. Its applications span across algebraic topology, algebraic geometry, and representation
theory, among others.

Algebraic Topology

In algebraic topology, homological algebra is used to compute homology and cohomology groups, which
classify topological spaces. The use of chain complexes allows for the systematic study of topological
properties through algebraic means.

Algebraic Geometry

In algebraic geometry, the sheaf cohomology is analyzed through homological techniques, enabling
mathematicians to understand the properties of algebraic varieties. Derived categories play a crucial role in
this context, providing a framework for studying coherent sheaves and their relationships.



Representation Theory

Homological algebra aids in the study of representations of groups and algebras. The Ext and Tor functors
facilitate the understanding of module categories, assisting in classifying representations up to isomorphism.

Derived Categories in Homological Algebra

Derived categories provide a modern framework for homological algebra, allowing for a more flexible approach
to studying complexes. They enable mathematicians to work with complexes up to quasi-isomorphism,
simplifying many arguments in homological contexts.

Construction of Derived Categories

A derived category can be constructed from the category of chain complexes by formally inverting quasi-
isomorphisms. This process leads to a category where morphisms reflect the homological information contained
within the complexes.

Applications of Derived Categories

Derived categories are particularly useful in the context of triangulated categories, where they provide a
setting for the study of stable homotopy theory and the formulation of advanced concepts like t-structures
and cohomological dimensions.

Ext and Tor Functors

The Ext and Tor functors are two of the most significant tools in homological algebra, providing insights
into the relationships between modules.

Ext Functor

The Ext functor, denoted Ext(A, B), measures the extent to which a module A fails to be projective in the
category of B-modules. It can be computed using projective resolutions and captures important homological
properties of modules.

Tor Functor

The Tor functor, denoted Tor(A, B), measures the extent to which a module A fails to be flat over B. It is
computed using flat resolutions and is crucial in various applications, including the study of derived functors.

Projective and Injective Modules

Understanding projective and injective modules is fundamental to homological algebra. These modules serve as
building blocks for constructing resolutions and analyzing homological dimensions.



Projective Modules

Projective modules are direct summands of free modules. They possess the property that every surjective
homomorphism onto them splits, making them essential in the construction of projective resolutions.

Injective Modules

Injective modules are defined by their ability to lift morphisms from submodules. They play a crucial role in
defining the Ext functor and are vital in various applications across different branches of mathematics.

Conclusion

Homological algebra is a rich and vibrant field that has profound implications across numerous areas of
mathematics. By providing tools to study algebraic structures through the lens of homology, it has equipped
researchers with the means to tackle complex problems in algebra, topology, and geometry. The interplay
between chain complexes, derived categories, and various functors such as Ext and Tor highlights the
versatility and power of homological algebra. As research continues to advance, the significance of this
branch of mathematics will only grow, paving the way for new discoveries and insights.

FAQs

Q: What is the main goal of homological algebra?

A: The main goal of homological algebra is to study algebraic structures through the use of homology and
cohomology theories, particularly focusing on the relationships between modules and the properties of exact
sequences.

Q: How do chain complexes relate to homological algebra?

A: Chain complexes are foundational objects in homological algebra, consisting of sequences of modules
connected by homomorphisms. They allow mathematicians to derive important information about the modules
they represent.

Q: What are the Ext and Tor functors used for?

A: The Ext functor measures the failure of a module to be projective, while the Tor functor measures the
failure of a module to be flat. Both are essential in understanding the relationships between modules and their
homological properties.

Q: How is derived category theory connected to homological algebra?

A: Derived category theory provides a modern framework for homological algebra, enabling the study of chain
complexes up to quasi-isomorphism and facilitating the analysis of homological properties in a more flexible
manner.



Q: What are projective and injective modules?

A: Projective modules are direct summands of free modules with specific lifting properties regarding surjective
homomorphisms, while injective modules can lift morphisms from submodules, playing crucial roles in the
construction of resolutions.

Q: Can homological algebra be applied in other fields of mathematics?

A: Yes, homological algebra finds applications in various fields, including algebraic topology, algebraic
geometry, and representation theory, providing tools to analyze and classify algebraic structures.

Q: Why are exact sequences important in homological algebra?

A: Exact sequences are crucial in homological algebra as they reveal relationships between different modules,
allowing mathematicians to extract significant information about their structure and properties.

Q: What is the significance of projective resolutions?

A: Projective resolutions are significant in homological algebra as they provide a means to compute the Ext
functor and analyze the properties of modules, helping to classify them up to isomorphism.

Q: How does homological algebra intersect with algebraic geometry?

A: Homological algebra intersects with algebraic geometry through the study of sheaf cohomology, providing
algebraic tools to understand the properties of algebraic varieties and their coherent sheaves.

Q: What role does homological algebra play in representation theory?

A: In representation theory, homological algebra aids in the classification of representations of groups and
algebras, utilizing Ext and Tor functors to study module categories and their homological dimensions.
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rings. The second period, greatly in uenced by the work of A. Grothendieck and J. -P. Serre,
continued through the 1980s; it involves abelian categories and sheaf cohomology. The third period,
- volving derived categories and triangulated categories, is still ongoing. Both of these newer books
discuss all three periods (see also Kashiwara–Schapira, Categories and Sheaves). The original
version of this book discussed the rst period only; this new edition remains at the same introductory
level, but it now introduces thesecond period as well. This change makes sense pe- gogically, for
there has been a change in the mathematics population since 1979; today, virtually all mathematics
graduate students have learned so- thing about functors and categories, and so I can now take the
categorical viewpoint more seriously. When I was a graduate student, Homological Algebra was an
unpopular subject. The general attitude was that it was a grotesque formalism, boring to learn, and
not very useful once one had learned it.
  homological algebra: An Introduction to Homological Algebra Charles A. Weibel, 1994 A
portrait of the subject of homological algebra as it exists today.
  homological algebra: Homological Algebra Henri Cartan, Samuel Eilenberg, 2016-06-02 When
this book was written, methods of algebraic topology had caused revolutions in the world of pure
algebra. To clarify the advances that had been made, Cartan and Eilenberg tried to unify the fields
and to construct the framework of a fully fledged theory. The invasion of algebra had occurred on
three fronts through the construction of cohomology theories for groups, Lie algebras, and
associative algebras. This book presents a single homology (and also cohomology) theory that
embodies all three; a large number of results is thus established in a general framework.
Subsequently, each of the three theories is singled out by a suitable specialization, and its specific
properties are studied. The starting point is the notion of a module over a ring. The primary
operations are the tensor product of two modules and the groups of all homomorphisms of one
module into another. From these, higher order derived of operations are obtained, which enjoy all
the properties usually attributed to homology theories. This leads in a natural way to the study of
functors and of their derived functors. This mathematical masterpiece will appeal to all
mathematicians working in algebraic topology.
  homological algebra: Methods of Homological Algebra Sergei I. Gelfand, Yuri J. Manin,
2013-04-17 Homological algebra first arose as a language for describing topological prospects of
geometrical objects. As with every successful language it quickly expanded its coverage and
semantics, and its contemporary applications are many and diverse. This modern approach to
homological algebra, by two leading writers in the field, is based on the systematic use of the
language and ideas of derived categories and derived functors. Relations with standard cohomology
theory (sheaf cohomology, spectral sequences, etc.) are described. In most cases complete proofs
are given. Basic concepts and results of homotopical algebra are also presented. The book addresses
people who want to learn about a modern approach to homological algebra and to use it in their
work.
  homological algebra: A Course in Homological Algebra P.J. Hilton, U. Stammbach,
2013-03-09 In this chapter we are largely influenced in our choice of material by the demands of the
rest of the book. However, we take the view that this is an opportunity for the student to grasp basic
categorical notions which permeate so much of mathematics today, including, of course, algebraic
topology, so that we do not allow ourselves to be rigidly restricted by our immediate objectives. A
reader totally unfamiliar with category theory may find it easiest to restrict his first reading of
Chapter II to Sections 1 to 6; large parts of the book are understandable with the material presented
in these sections. Another reader, who had already met many examples of categorical formulations
and concepts might, in fact, prefer to look at Chapter II before reading Chapter I. Of course the
reader thoroughly familiar with category theory could, in principal, omit Chapter II, except perhaps
to familiarize himself with the notations employed. In Chapter III we begin the proper study of
homological algebra by looking in particular at the group ExtA(A, B), where A and Bare A-modules.
It is shown how this group can be calculated by means of a projective presentation of A, or an
injective presentation of B; and how it may also be identified with the group of equivalence classes



of extensions of the quotient module A by the submodule B.
  homological algebra: Homological Algebra S.I. Gelfand, Yu.I. Manin, 1994-03-29 This book,
the first printing of which was published as volume 38 of the Encyclopaedia of Mathematical
Sciences, presents a modern approach to homological algebra, based on the systematic use of the
terminology and ideas of derived categories and derived functors. The book contains applications of
homological algebra to the theory of sheaves on topological spaces, to Hodge theory, and to the
theory of modules over rings of algebraic differential operators (algebraic D-modules). The authors
Gelfand and Manin explain all the main ideas of the theory of derived categories. Both authors are
well-known researchers and the second, Manin, is famous for his work in algebraic geometry and
mathematical physics. The book is an excellent reference for graduate students and researchers in
mathematics and also for physicists who use methods from algebraic geometry and algebraic
topology.
  homological algebra: Relative Homological Algebra Edgar E. Enochs, Overtoun M. G. Jenda,
2011-10-27 This is the second revised edition of an introduction to contemporary relative
homological algebra. It supplies important material essential to understand topics in algebra,
algebraic geometry and algebraic topology. Each section comes with exercises providing practice
problems for students as well as additional important results for specialists. In this new edition the
authors have added well-known additional material in the first three chapters, and added new
material that was not available at the time the original edition was published. In particular, the
major changes are the following: Chapter 1: Section 1.2 has been rewritten to clarify basic notions
for the beginner, and this has necessitated a new Section 1.3. Chapter 3: The classic work of D. G.
Northcott on injective envelopes and inverse polynomials is finally included. This provides additional
examples for the reader. Chapter 11: Section 11.9 on Kaplansky classes makes volume one more up
to date. The material in this section was not available at the time the first edition was published. The
authors also have clarified some text throughout the book and updated the bibliography by adding
new references. The book is also suitable for an introductory course in commutative and ordinary
homological algebra.
  homological algebra: Homological Algebra: The Interplay Of Homology With
Distributive Lattices And Orthodox Semigroups Marco Grandis, 2012-06-08 In this book we
want to explore aspects of coherence in homological algebra, that already appear in the classical
situation of abelian groups or abelian categories. Lattices of subobjects are shown to play an
important role in the study of homological systems, from simple chain complexes to all the
structures that give rise to spectral sequences. A parallel role is played by semigroups of
endorelations.These links rest on the fact that many such systems, but not all of them, live in
distributive sublattices of the modular lattices of subobjects of the system.The property of
distributivity allows one to work with induced morphisms in an automatically consistent way, as we
prove in a ‘Coherence Theorem for homological algebra’. (On the contrary, a ‘non-distributive’
homological structure like the bifiltered chain complex can easily lead to inconsistency, if one
explores the interaction of its two spectral sequences farther than it is normally done.)The same
property of distributivity also permits representations of homological structures by means of sets
and lattices of subsets, yielding a precise foundation for the heuristic tool of Zeeman diagrams as
universal models of spectral sequences.We thus establish an effective method of working with
spectral sequences, called ‘crossword chasing’, that can often replace the usual complicated
algebraic tools and be of much help to readers that want to apply spectral sequences in any field.
  homological algebra: Non-Abelian Homological Algebra and Its Applications Hvedri
Inassaridze, 1997-10-31 This book exposes methods of non-abelian homological algebra, such as the
theory of satellites in abstract categories with respect to presheaves of categories and the theory of
non-abelian derived functors of group valued functors. Applications to K-theory, bivariant K-theory
and non-abelian homology of groups are given. The cohomology of algebraic theories and monoids
are also investigated. The work is based on the recent work of the researchers at the A. Razmadze
Mathematical Institute in Tbilisi, Georgia. Audience: This volume will be of interest to graduate



students and researchers whose work involves category theory, homological algebra, algebraic
K-theory, associative rings and algebras; algebraic topology, and algebraic geometry.
  homological algebra: An Introduction to Homological Algebra Charles A. Weibel, 1995-10-27
The landscape of homological algebra has evolved over the last half-century into a fundamental tool
for the working mathematician. This book provides a unified account of homological algebra as it
exists today. The historical connection with topology, regular local rings, and semi-simple Lie
algebras are also described. This book is suitable for second or third year graduate students. The
first half of the book takes as its subject the canonical topics in homological algebra: derived
functors, Tor and Ext, projective dimensions and spectral sequences. Homology of group and Lie
algebras illustrate these topics. Intermingled are less canonical topics, such as the derived inverse
limit functor lim1, local cohomology, Galois cohomology, and affine Lie algebras. The last part of the
book covers less traditional topics that are a vital part of the modern homological toolkit: simplicial
methods, Hochschild and cyclic homology, derived categories and total derived functors. By making
these tools more accessible, the book helps to break down the technological barrier between experts
and casual users of homological algebra.
  homological algebra: A First Course of Homological Algebra Douglas Geoffrey Northcott,
1973-10-11 Designed to introduce the student to homological algebra avoiding the elaborate
machinery usually associated with the subject.
  homological algebra: Homological Algebra S.I. Gelfand, Yu.I. Manin, 2013-12-01 This book,
the first printing of which was published as volume 38 of the Encyclopaedia of Mathematical
Sciences, presents a modern approach to homological algebra, based on the systematic use of the
terminology and ideas of derived categories and derived functors. The book contains applications of
homological algebra to the theory of sheaves on topological spaces, to Hodge theory, and to the
theory of modules over rings of algebraic differential operators (algebraic D-modules). The authors
Gelfand and Manin explain all the main ideas of the theory of derived categories. Both authors are
well-known researchers and the second, Manin, is famous for his work in algebraic geometry and
mathematical physics. The book is an excellent reference for graduate students and researchers in
mathematics and also for physicists who use methods from algebraic geometry and algebraic
topology.
  homological algebra: Introduction to Homological Algebra, 85 Joseph J. Rotman, 1979-09-07
An Introduction to Homological Algebra discusses the origins of algebraic topology. It also presents
the study of homological algebra as a two-stage affair. First, one must learn the language of Ext and
Tor and what it describes. Second, one must be able to compute these things, and often, this
involves yet another language: spectral sequences. Homological algebra is an accessible subject to
those who wish to learn it, and this book is the author's attempt to make it lovable. This book
comprises 11 chapters, with an introductory chapter that focuses on line integrals and independence
of path, categories and functors, tensor products, and singular homology. Succeeding chapters
discuss Hom and ?; projectives, injectives, and flats; specific rings; extensions of groups; homology;
Ext; Tor; son of specific rings; the return of cohomology of groups; and spectral sequences, such as
bicomplexes, Kunneth Theorems, and Grothendieck Spectral Sequences. This book will be of interest
to practitioners in the field of pure and applied mathematics.
  homological algebra: Homological Algebra Marco Grandis, 2013 This book proposes a study
of semi-exact homological categories as a basis for a generalized homological algebra. The aim is to
extend homological notions to deeply non-abelian situations, where satellites and spectral sequences
produced by unstable homotopy can still be studied.
  homological algebra: Notes on Homological Algebras Joseph J. Rotman, 1970 These notes
were developed in the course of teaching a graduate course on homological algebra at the University
of Illinois, Urbana during the spring of 1968. The reader proceeds at a leisurely pace, prerequisites
are algebra courses that include exact sequences, tensor products over commutative rings, and
direct and inverse limits.
  homological algebra: Homological Algebra Henri Cartan, Samuel Eilenberg, 2023-07-18



Cartan and Eilenberg introduce the concept of homology in abstract algebra and algebraic topology.
Their text provides a rigorous treatment of the theory and applications of homological algebra,
including chain complexes, cohomology, and spectral sequences. This work has been selected by
scholars as being culturally important, and is part of the knowledge base of civilization as we know
it. This work is in the public domain in the United States of America, and possibly other nations.
Within the United States, you may freely copy and distribute this work, as no entity (individual or
corporate) has a copyright on the body of the work. Scholars believe, and we concur, that this work
is important enough to be preserved, reproduced, and made generally available to the public. We
appreciate your support of the preservation process, and thank you for being an important part of
keeping this knowledge alive and relevant.
  homological algebra: Algebra V Alekseĭ Ivanovich Kostrikin, Игорь Ростиславович
Шафаревич, 1994
  homological algebra: Basic Homological Algebra M. Scott Osborne, 2000-05-19 From the
reviews: The book is well written. We find here many examples. Each chapter is followed by
exercises, and at the end of the book there are outline solutions to some of them. [...] I especially
appreciated the lively style of the book; [...] one is quickly able to find necessary details. EMS
Newsletter
  homological algebra: Homological Algebra Marco Grandis, 2012 In this book we want to
explore aspects of coherence in homological algebra, that already appear in the classical situation of
abelian groups or abelian categories. Lattices of subobjects are shown to play an important role in
the study of homological systems, from simple chain complexes to all the structures that give rise to
spectral sequences. A parallel role is played by semigroups of endorelations. These links rest on the
fact that many such systems, but not all of them, live in distributive sublattices of the modular
lattices of subobjects of the system. The property of distributivity allows one to work with induced
morphisms in an automatically consistent way, as we prove in a 'Coherence Theorem for homological
algebra'. (On the contrary, a 'non-distributive' homological structure like the bifiltered chain
complex can easily lead to inconsistency, if one explores the interaction of its two spectral sequences
farther than it is normally done.) The same property of distributivity also permits representations of
homological structures by means of sets and lattices of subsets, yielding a precise foundation for the
heuristic tool of Zeeman diagrams as universal models of spectral sequences. We thus establish an
effective method of working with spectral sequences, called 'crossword chasing', that can often
replace the usual complicated algebraic tools and be of much help to readers that want to apply
spectral sequences in any field.
  homological algebra: Homological Algebra: In Strongly Non-abelian Settings Marco Grandis,
2013-01-11 We propose here a study of ‘semiexact’ and ‘homological' categories as a basis for a
generalised homological algebra. Our aim is to extend the homological notions to deeply non-abelian
situations, where satellites and spectral sequences can still be studied.This is a sequel of a book on
‘Homological Algebra, The interplay of homology with distributive lattices and orthodox
semigroups’, published by the same Editor, but can be read independently of the latter.The previous
book develops homological algebra in p-exact categories, i.e. exact categories in the sense of Puppe
and Mitchell — a moderate generalisation of abelian categories that is nevertheless crucial for a
theory of ‘coherence’ and ‘universal models’ of (even abelian) homological algebra. The main
motivation of the present, much wider extension is that the exact sequences or spectral sequences
produced by unstable homotopy theory cannot be dealt with in the previous framework.According to
the present definitions, a semiexact category is a category equipped with an ideal of ‘null’
morphisms and provided with kernels and cokernels with respect to this ideal. A homological
category satisfies some further conditions that allow the construction of subquotients and induced
morphisms, in particular the homology of a chain complex or the spectral sequence of an exact
couple.Extending abelian categories, and also the p-exact ones, these notions include the usual
domains of homology and homotopy theories, e.g. the category of ‘pairs’ of topological spaces or
groups; they also include their codomains, since the sequences of homotopy ‘objects’ for a pair of



pointed spaces or a fibration can be viewed as exact sequences in a homological category, whose
objects are actions of groups on pointed sets.
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cùng hàng ngàn Truyện ngụ ngôn, Truyện dân gian và những câu chuyện quà tặng cuộc sống ý nghĩa
Cổ tích việt nam - Truyện Cổ tích Việt Nam Website Truyện Cổ tích Việt Nam
(cotichvietnam.org) - Trang web đọc truyện cổ tích, truyện dân gian của Việt Nam và thế giới miễn
phí, cập nhật truyện cổ tích mới liên tục
Top 12+ truyện cổ tích việt nam hay nhất cho bé   Khám phá những truyện cổ tích Việt Nam hay
nhất, chứa đựng bài học đạo đức sâu sắc và giá trị nhân văn. Giúp bé phát triển tư duy, trí tưởng
tượng
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